
MATH 746 Practice Problems Fall 2022

1. Prove that the following conditions on a set A are all equivalent.

(a) A is measurable.

(b) Given any ε > 0, there exists an open set U such that A ⊂ U and µ∗(U −A) < ε.

(c) Given any ε > 0, there exists a closed set E such that E ⊂ A and µ∗(A− E) < ε.

(d) There exists a Gδ set G such that A ⊂ G and µ∗(G−A) = 0.

(e) There exists a Fσ set F such that F ⊂ A and µ∗(A− F ) = 0.

(f) If µ∗(A) <∞ then there exists a finite union of open intervals U such that µ∗(U∆A) = 0.

Note: The symmetric difference of two sets X and Y is defined by X∆Y = (X ∩ Y c) ∪ (Y ∩ Xc) =
(X ∪ Y )− (X ∩ Y ).

Hint: Here is one possible sequence of implications:

If µ∗(A) <∞ then show a⇒ b⇔ f . Then for arbitrary A show a⇒ b⇒ d⇒ a. Then for arbitrary A
show a⇒ c⇒ e⇒ a.

2. Prove that if K is a compact subset of the real line, the measure of K is finite.

3. Suppose A is countable and B is any set. Show that µ∗(A ∪B) = µ∗(B).

4. Let A be the set of rational numbers in [0, 1] and let {In} be a finite collection of open intervals covering
A. Then

∑
l(In) ≥ 1.

5. Let {fn} be a sequence of non-negative measurable functions and suppose f = limn→∞ fn exists. As-
suming limn→∞

∫
fn dµ exists, show that

∫
f dµ ≤ limn→∞

∫
fn dµ. (HINT: we are not assume that

{fn} is monotone increasing, so you can’t use the monotone convergence theorem directly. But perhaps
you can replace the fn’s by a sequence {gn} that is monotone and has the same limit.)

6. Show by a counter-example that the following statement is false:

Let {fn} be decreasing sequence of non-negative functions with limit f . Then limn→∞
∫
fn dµ =

∫
f dµ.

(This is just the monotone convergence theorem but with the word ’increasing’ replaced by the word
’decreasing’. )

7. The goal of this problem is to prove the Riemann-Lebesgue Theorem:

Theorem. Let f be integrable on (−∞,∞). Then limn→∞
∫∞
−∞ f(x) cosnx dx = 0.

The proof is divided into three parts - each part uses the preceding part. If you can’t do one of the
parts, assume it’s true and move on to the next part.

(a) Prove the theorem if f is a step function. (See below for the definition of a step function)

(b) Prove the theorem if f is a simple function.

(c) Prove the theorem for arbitrary integrable f by using the fact (which you can assume) that if f is
integrable, then for any ε there is a simple function φ with

∫
|f − φ| dµ < ε.

Definition A function f is called a step function if there is a finite partition

−∞ = x0 < x1 < x2 . . . xn−1 < xn =∞

such that f is constant on each interval (xi−1, xi).


