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What are special functions?

A special function is a non-Liouvillian solution F (x) of

d2y

dx2
+ a1(x)

dy

dx
+ a0(x)y(x) = 0 with a0, a1 ∈ C(x)

y′′ − xy = 0 → Airy functions: Ai(x), Bi(x)

y′′+
1

x
y′−

(
ν2

x2
± 1

)
y = 0 → Bessel fns: Iν(x), Jν(x), Kν(x), Yν(x)

y′′−
(
1

4
−

µ

x
−

1/4− ν2

x2

)
y = 0 → Whittaker fns: Wµ,ν(x), Mµ,ν(x)
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- Differential Galois theory: the Airy, Bessel and Whittaker equa-

tions have Galois group SL2(C), as well as other equations not

admitting closed–form special function solutions.

- Equivalence problem: let F1(x), F2(x) be a (known) fundamen-

tal solution set of y′′ + a1y′ + a0y = 0. Looking for solutions of

the form m(x)Fi(ξ(x)) of another equation y′′+ b1y′+ b0y = 0 is

the same as looking for a point transformation

x → ξ(x) y → m(x)y

that transforms y′′ + a1y′ + a0y = 0 into y′′ + b1y′ + b0y = 0.

This problem always has a solution (for LODE of order 2). . .

. . . but not always in closed-form!
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Closed-form equivalence problem

Given y′′ + a1y′ + a0y = 0 and y′′ + b1y′ + b0y = 0, find whether

there exist closed–form m(x) and ξ(x) such that

x → ξ(x) y → m(x)y

transforms y′′ + a1y′ + a0y = 0 into y′′ + b1y′ + b0y = 0. Such

transforms do not form a group under composition anymore.

When the equation to solve is of the form y′′ − vy = 0 we get

mξ′ 6= 0 ,
m′

m
=

1

2

(
a1(ξ)ξ

′ −
ξ′′

ξ′

)
and

3ξ′′2 − 2ξ′ξ′′′ +
(
a1(ξ)

2 + 2a′1(ξ)− 4a0(ξ)
)
ξ′4 − 4vξ′2 = 0
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Rational solutions of

3ξ′′2 − 2ξ′ξ′′′ +
(
a1(ξ)

2 + 2a′1(ξ)− 4a0(ξ)
)
ξ′4 − 4vξ′2 = 0

For P, Q ∈ C[x], define ν∞(P/Q) = deg(q)− deg(p).
Let v = P/Q ∈ C(x) and Q = Q1Q2

2 · · ·Q
e
e be a squarefree fac-

torisation of its denominator.

If ν∞(a2
1 + 2a′1 − 4a0) < 2, then any solution ξ ∈ C(x) can be

written as ξ = A/D where

D =
∏
i

Qi
(2−ν∞(a2

1+2a′1−4a0))i+2

and A ∈ C[x] is such that either deg(A) ≤ deg(D) + 1 or

deg(A) = deg(D) +
2− ν∞(v)

2− ν∞(a2
1 + 2a′1 − 4a0)
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Algebraic solutions for ξ

ξ = A

(
x1/(2−ν∞(a2

1+2a′1−4a0))
) ∏

i>2

Q
(i−2)/(2−ν∞(a2

1+2a′1−4a0)
i

Solving y′′ = xy in terms of the Bessel equation

y′′ +
1

x
y′ −

(
ν2

x2
+ 1

)
= 0

a1 = 1/x, a0 = −(1 + ν2/x2), a2
1 + 2a′1− 4a0 = (4ν2− 1)/x2 + 4.

ξ = c0 + c1x
1
2 + c2x + c3x

3
2

ν = ±
1

3
c0 = c1 = c2 = 0 c3 = ±

2

3
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)
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Open questions

• Is solving a nonlinear system really necessary?

• How about higher order equations?

• Are there necessary conditions for specific special functions?
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